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Abstract In Jung et al. (Appl Numer Math 61:77–91, 2011), an iterative adaptive multi-
quadric radial basis function (IAMQ-RBF) method has been developed for edges detection
of the piecewise analytical functions. For a uniformly spaced mesh, the perturbed Toeplitz
matrices, which are modified by those columns where the shape parameters are reset to zero
due to the appearance of edges at the corresponding locations, are created. Its inverse must be
recomputed at each iterative step, which incurs a heavy O(n3) computational cost. To over-
come this issue of efficiency, we develop a fast direct solver (IAMQ-RBF-Fast) to reformulate
the perturbed Toeplitz system into two Toeplitz systems and a small linear system via the
Sherman–Morrison–Woodbury formula. The O(n2) Levinson–Durbin recursive algorithm
that employed Yule–Walker algorithm is used to find the inverse of the Toeplitz matrix fast.
Several classical benchmark examples show that the IAMQ-RBF-Fast based edges detection
method can be at least three times faster than the original IAMQ-RBF based one. And it can
capture an edge with fewer grid points than the multi-resolution analysis (Harten in J Comput
Phys 49:357–393, 1983) and just as good as if not better than the L1PA method (Denker and
Gelb in SIAM J Sci Comput 39(2):A559–A592, 2017). Preliminary results in the density
solution of the 1D Mach 3 extended shock–density wave interaction problem solved by the
hybrid compact-WENO finite difference scheme with the IAMQ-RBF-Fast based shocks
detection method demonstrating an excellent performance in term of speed and accuracy, are
also shown.
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1 Introduction

With the advantage of the meshless methods that they do not require any particular grid
system, radial basis function (RBF) methods have been widely used in various important
application areas, such as machine learning and neural networks [44], image processing
and reconstruction [6,26,27], and numerical approximations of partial differential equations
(PDEs) [5,16,28–30,32].

In the RBF methods, the set of points xi are called centers (or grid points) which can be
arbitrarily distributed in a given domain �. A RBF is a real-valued function whose value
depends on the distance from a center, says xi , such that φ(x, xi , ε) = φ(r, ε), where r =
||x − xi ||, ε is the shape parameter, and the norm is the usual Euclidean distance, although
other distance functions are also possible. A fast rate of convergence can be obtained in the
RBF approximation if the given function is sufficiently smooth [4,33,34,45]. Otherwise,
its rate of convergence decays rapidly unless the centers or the shape parameters of the
RBF are adapted correspondingly. Therefore, different adaptive approaches [3,15,24,37]
were proposed to obtain a stable and accurate RBF approximation. In an adaptive method,
an accurate and efficient measure of smoothness plays an important role. Therefore, several
edges detection algorithms based on the RBF approximation have been developed in [26,27].

In [26], an iterative adaptive multi-quadric RBF (IAMQ-RBF) method was proposed for
the 1D edges detection of a piecewise analytical function, which performs verywell in detect-
ing the multiple local jump discontinuities on a set of uniformly spaced centers. In [27], the
IAMQ-RBF method is generalized to the 2D problems by using a dimension-by-dimension
and a global extension approach. To detect the edges of an image accurately and enhance
the stability of the resulted Toeplitz matrix from the RBF approximation, the computational
domain is rescaled to avoid the inherent ill-condition of the matrix. In this study, we will
focus our investigation and discussion of multi-quadric RBF on uniformly spaced centers.

For uniformly spaced centers, one can easily see that, at the first iterative step in the
IAMQ-RBF method, the interpolation matrix is a symmetric Toeplitz matrix. However, the
matrix becomes the perturbed Toeplitz matrix where only a few columns of the matrix are
modified due to the updating of the shape parameter ε = 0 at a small subset of grid points,
where a small number of edges is identified, in the subsequent iterative step. We shall refer
the Toeplitz matrix with and without perturbation collectively, if no confusion would arise,
as, the Toeplitz-ε matrix. However, this results in computing the inverse of the Toeplitz-ε
matrix which is inefficient for a large domain and a large number of uniformly spaced centers.
The repeated computation of the inverse of the Toeplitz matrix after each iterative update is
the heaviest CPU time consuming part in the IAMQ-RBF method.

To reduce the computational cost of the IAMQ-RBFmethod, we reformulate the Toeplitz-
ε matrix system into two symmetric Toeplitz matrix systems via the Sherman–Morrison–
Woodbury formula, which can then be solved by the fast/superfast method. Direct solvers
are said to be fast if they cost O(n2) floating point operations count, where n is the size
of Toeplitz matrix. An important type of direct solver is the fast solver based on Gaussian
eliminations methods [19,21,22]. Direct methods with floating point operations count less
than O(n2) are called superfast. In [8,42,43], the superfast algorithms are developed for
the Toeplitz matrix which is transformed into Cauchy-like matrices where the off-diagonal
blocks have small numerical ranks.
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Fig. 1 Comparative CPU timing
of the superfast method [43], fast
method [39] and Gaussian
elimination
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However, based on our numerical experience and as shown in Fig. 1 above, the superfast
method [43] only out-performs the fast method [39] when n � 1000. Therefore, the fast
method [39] is the method of choice and is adopted here to solve the Toeplitz matrix system
of size n ≤ 512 to improve the efficiency of the IAMQ-RBF method. The two symmetric
Toeplitz systems can then be solved efficiently via the Levinson–Durbin algorithm which
utilizes the Yule–Walker algorithm [23]. In this study, we shall refer the improved IAMQ-
RBF method with the fast direct solver as the IAMQ-RBF-Fast method. Numerous classical
examples in image processing demonstrate that the IAMQ-RBF-Fast method not only detects
the edges as accurately as, but also up to three times as fast as, the original IAMQ-RBFmethod.
Some preliminary results in comparison with the other edges detection techniques on some
benchmark problems with and without noises pollution show that, in general, the IAMQ-
RBF-Fast method identifies edges better than the multi-resolution (MR) analysis [20] and
as good as, if not better in some cases, the edges detection method using variance signature
approach based on �1 regularization technique and polynomial annihilation transform. We
refer the later method as the L1PA method. A brief description of the L1PA method is given
in Appendix A. For details, see [1,13,17] and references therein.

Besides the edges detection of an image, the original IAMQ-RBFmethod can be used in a
hybrid scheme, such as the hybrid compact-WENO finite difference scheme [14] for identifi-
cation of sharp gradients and/or shocks that would appear in the solution of nonlinear system
of hyperbolic conservation laws (PDEs). However, one of the critical issues of employing
the original IAMQ-RBF method in the RBF based shocks detection method in the hybrid
schemes [9,14,35,36,38,47] is that, the computational cost of identifying the non-smooth
grid points is much more than the spatial PDEs solver at each explicit Runge–Kutta time
step. Thus, it renders the IAMQ-RBF method impractical as a shocks detection algorithm
for a hybrid scheme. With the fast algorithm, however, we can obtain a similar speedup and
high quality solution comparable to other shocks detection methods, for example, the multi-
resolution analysis [10,11,18,20]. In this work, we shall present a preliminary solution of the
extended 1D Mach 3 shock–density wave interaction to demonstrate the performance of the
hybrid compact-WENO finite difference scheme that employs the IAMQ-RBF-Fast based
shocks detection method.

The paper is organized as follows. In Sect. 2, a brief introduction to the radial basis function
approximation and the original IAMQ-RBF method is presented. In Sect. 3, the IAMQ-
RBF-Fast method based on the fast direct solver for the Toeplitz-ε system via the Levinson–
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Durbin algorithm and the Yule–Walker algorithm is introduced. In Sect. 4, extensive and
representative examples in edges detecting of an image and comparisons with the multi-
resolution analysis and L1PA method are given. A preliminary result for identifying the
locations of shocks and sharp gradients in the solution of the Euler equations solved by the
hybrid compact-WENO finite difference scheme is shown. Conclusion and future works are
given in Sect. 5.

2 IAMQ-RBF Methods

In this section, we will briefly introduce the multi-quadric (MQ) radial basis function (RBF)
and the iterative adaptive multi-quadric RBF (IAMQ-RBF) method for edges detection in
the 1D and 2D domains (see [26,27] for more details.)

2.1 Radial Basis Function Approximation

A RBF is defined on a set of centers X = {xi | xi ∈ �, i = 1, . . . , n} in a given one-
dimensional domain � and a set of corresponding shape parameters εi , i = 1, . . . , n. In
general, the shape parameters εi are initially set to be a constant value for all i . However, as
will be seen later, they can be set to different value individually when needed for identifying
discontinuities of a piecewise analytical function in the IAMQ-RBF method. In the given
domain, a set of function values �f = ( f1, . . . , fn)T , where fi = f (xi ), is also given.

In this study, we consider the multi-quadric radial basis function (MQ-RBF)

φi (x) =
√

(x − xi )2 + ε2i , xi ∈ X, x ∈ �, i = 1, . . . , n,

where the shape parameters εi may be determined by the priori approximation or can be
adaptively determined according to the characteristics of the given function. For example,
the MQ-RBF approximation g(x) and its derivative g′(x) for a real-valued function f (x) are
given by

g(x) =
n∑

i=1

λiφi (x), (1)

g′(x) =
n∑

j=1

λ j
x − x j

φ j (x)
. (2)

where λi are the RBF coefficients. The vector of the RBF coefficients �λ = (λ1, . . . , λn)T are
obtained by enforcing the interpolation conditions g(xi ) = f (xi ),∀xi ∈ X, that is,

�λ = M−1 �f , (3)

where the interpolation matrix M has the elements Mi j =
√

(xi − x j )2 + ε2j .

Then, the vector of derivative, when evaluated at the center xi , �g′ = (g′(x1), . . . , g′(xn))T ,
can be computed as

�g′ = D�λ = DM−1 �f , (4)

where the differentiation matrix D has the elements Di j = (xi − x j )/Mi j if ε j �= 0 and
Dii = 0 if εi = 0.

The definition of RBF approximation in a 1D domain can be extended easily to a 2D
domain. Similar to the 1D RBF, the 2D RBF can be defined on the set of centers Z =
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(X, Y) = {(xi j , yi j ) | xi j ∈ X, yi j ∈ Y, i = 1, . . . , nx , j = 1, . . . , ny} ⊂ � and the
set of corresponding shape parameters εi j . In the given 2D domain, a set of function values
�f = ( f11, . . . , fnx ny )

T , where fi j = f (xi j , yi j ), is also given.
The 2D MQ-RBFs are defined by

φi j (x, y) =
√

(x − xi j )2 + (y − yi j )2 + ε2i j , (xi j , yi j ) ∈ Z, (x, y) ∈ �, (5)

where εi j are the shape parameters. The 2D MQ-RBF approximation g(x, y) to the function
f (x, y) is given by the linear combination of MQ-RBFs,

g(x, y) =
nx∑

i=1

ny∑
j=1

λi jφi j (x, y), (6)

where λi j are the RBF coefficients. The 2D RBF coefficients �λ = (λ11, λ12, . . . , λnx ,ny−1,

λnx ,ny )
T can be computed by

�λ = M−1 �f , (7)

where the interpolation matrix M is given by

M(i j)(kl) =
√

(xi j − xkl)2 + (yi j − ykl)2 + ε2kl , (i j) = (i − 1)ny + j. (8)

Remark 1 In particular, if the centers are distributed uniformly, that is, (xi j , yi j ) = (xi , y j ),
one has Z = {(xi , y j )}. The 2D MQ-RBFs and the interpolation matrix M can be simplified
as

φi j (x, y) =
√

(x − xi )2 + (y − y j )2 + ε2i j ,

M(i j)(kl) =
√

(xi − xk)2 + (y j − yl)2 + ε2kl , (i j) = (i − 1)ny + j.

Remark 2 Assuming nx = ny = n, the direct method for the 2D interpolation is O(n6). In
order to reduce the size of the linear system to be solved, a domain decomposition method
[25] can be used to implement the 2D interpolation if n is large. Similar ideas have been used
in the overlapping domain decomposition for solving PDEs [46].

2.2 Iterative Adaptive MQ-RBF (IAMQ-RBF) Method

The iterative adaptivemulti-quadric RBF (IAMQ-RBF)method is based on the growth/decay
properties of the RBF coefficients �λ in the RBF approximation [26]. The IAMQ-RBFmethod
has been used in a robust edges detection algorithm for an accurate detection of locations of
jump in a piecewise analytical function.

We will first give the definitions of the normalized concentration map and edges set that
will be used in the following discussion.

Definition 3 The normalized concentration map C = {Ci , i = 1, . . . , n} is defined by

Ci = Ĉi

max{Ĉi }
, where Ĉi =

∣∣∣∣λi

n∑
j=1

Di jλ j

∣∣∣∣, i = 1, . . . , n. (9)

The normalized concentration map C measures the smoothness of the function and indicates
the possible locations of the local jumps.A simpleway to define the location of a discontinuity
at xi is where the Ci is larger than a user defined parameter, say η, and g′

i �= 0. This leads us
to the definition of the edge set S.
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Definition 4 The edge set S is defined as

S = {
xi | Ci ≥ η, g′

i �= 0, xi ∈ X, i = 1, . . . , n
}
, (10)

where η ∈ (0, 1) is the given tolerance parameter.

The edge set S contains all the centers which are identified as edges/boundaries/sharp gradi-
ents. A typical robust η = 0.5 [26] is used in this study unless stated otherwise.

To detect all the possible edges, the IAMQ-RBF method first detects the edge set S with
a constant shape parameter (εi = ε) and then reset all the corresponding shape parameters
εi = 0. The RBF coefficients λi where xi ∈ S become algebraically small, thus the new
large λi in the next iteration will form the new edge set. This iterative process repeats itself
and terminates if the number of iteration k is greater than n, or the residual norm of the
RBF coefficients of the successive iterations is smaller than a given tolerance δ, that is,
||�λk+1 − �λk ||2 ≤ δ, where �λk+1 and �λk are the coefficient vectors at the (k + 1) and k
iterative steps. In this study, the residual norm tolerance is δ = 10−8. The outline of the
iterative adaptiveRBF edges detectionmethod is given inAlgorithm1. There are two possible

Algorithm 1 Iterative adaptive RBF edges detection method.
Given a constant shape parameter, i.e. εi = ε > 0
Compute the normalized concentration map C � Eq. (9)
Generate the edge set S from C � Eq. (10)
Adaptively set εi = 0 for those xi ∈ S
Stop when the residual ||�λk+1 − �λk ||2 ≤ δ or k > n

approaches to extend the 1D IAMQ-RBF method to the 2D problems. The first approach is
the global extension method which relies on the 2D RBFs [Eq. (5)] and uses the 2D global
RBF coefficients [Eq. (7)]. In the global approach, the 2D edges are detected using the
1D IAMQ-RBF method after the 2D matrix is transformed into a 1D vector. The second
approach is that the 1D IAMQ-RBF method is applied in the x- and y-directions of the 2D
matrix respectively. The final edges are the union of the detected edges in each dimension.

The global extension approach is the direct generalization of the 1D method. However,
it is a costly approach that requires the inverse of a large size matrix. The dimension by
dimension approach is a straightforward extension of the 1D IAMQ-RBF method which is
less costly and easier to implement. Each array has an arbitrary domain size in the x- and
y-directions, and themajor concern is the ill-condition of the RBF interpolationmatrix. Thus,
the rescaling domain interval method [27,29] was proposed to improve the condition number
κ(M).

For example, a fixed domain interval (x = [−1, 1], y = [−1, 1]) for any size of array
and the fixed shape parameters εi (e.g. εi = 0.1), the interpolation matrix M becomes highly
ill-conditioning. This ill-condition can be alleviated by simply stretching the domain whose
size should be determined for the edges detection as a function of the number of grid points in
each direction and the initial domain interval. Numerical studies in [27] allow us to investigate
the optimal domain size and seek the best reconstruction domain �∗ = [−Lc, Lc] such that
the edge set S is accurately detected as the best edge set S∗. Let Lmin

c be the minimum domain
size needed for the best domain �∗ for the best edge set S∗. Based on numerical experiments
[27], the relation between Lmin

c and n ∈ [100, 340] is estimated roughly as

Lmin
c ≈ 6 × 10−3n − 0.2. (11)
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Fig. 2 The growth rate of the
condition number κ(M) of the
interpolation matrix
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In this study, we rescale the domain using Lc = max{1, 6 × 10−3n} to enhance stability
before applying the IAMQ-RBF method. It can be easily observed in Fig. 2 that the modified
condition numbers κ(M) are smaller than the original ones when n ≥ 200 and do not grow
much larger up to n ≤ 400.

3 Fast Direct Solver for Toeplitz-ε System

In the IAMQ-RBF method, for conveniently describing, we shall denote an n × n matrix
Mk be the interpolation matrix of the k-th iteration step. With a uniformly spaced grid,
X = {xi = −1 + (i − 1)
x, i = 1, . . . , n, 
x = 2/(n − 1)}, at the zero iteration
step k = 0, the interpolation matrix M0 = T is a symmetric Toeplitz matrix provided that
all shape parameters have the same positive constant value, εi = ε. It is well-known that,
instead of the O(n3) Gaussian elimination method, the inverse of the symmetric Toeplitz
matrix T−1 can be computed by a fast direct solver with O(n2) floating point operations
via the Levinson–Durbin algorithm and the Yule–Walker algorithm [23], which are recursive
algorithms.

In an iteration step k, Mk is obtained by updating some shape parameters εi , says εn j = 0.
Hence, Mk is no longer a symmetric Toeplitz matrix but a perturbed Toeplitz (Toeplitz-ε)
matrix. In this case, the fast direct solver described above cannot be applied directly to find the
inverse of the Mk . For example, M1 is no longer a symmetric Toeplitz matrix but a Toeplitz-ε
matrix in the form of

M1 = T + E1, (12)

where

T =

⎛
⎜⎜⎜⎜⎝

r0 r1 · · · rn−1

r1 r0
. . .

...
...

. . .
. . . r1

rn−1 · · · r1 r0

⎞
⎟⎟⎟⎟⎠

, E1 =

⎛
⎜⎜⎜⎝

0 · · · 0 s1,n j 0 · · · 0
0 · · · 0 s2,n j 0 · · · 0
...

...
...

...
...

0 · · · 0 sn,n j 0 · · · 0

⎞
⎟⎟⎟⎠ , (13)

where ri = √
(i
x)2 + ε2, si j = |xi − x j | − Ti j .
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To overcome this problem, we will first apply the Sherman–Morrison–Woodbury formula
on the Toeplitz-ε system to form two Toeplitz systems in which the T−1 can be found via
the fast direct solver with some minor computational overheads.

At each iteration step of the IAMQ-RBF method, a Toeplitz-ε matrix is generated and the
corresponding linear system becomes

(T + E)�x = �b, (14)

where �x ∈ R
n , �b ∈ R

n , T ∈ R
n×n , and E ∈ R

n×n is a zero matrix except for some of its
columns, say n1, n2, . . . , nm , and m � n. The key idea here is that the matrix E can be
expressed as a product of two rank-m matrices G and P as

E = GPT ,

where G ∈ R
n×m with the columns being the non-zero columns of E, and P =

(�en1 , . . . , �enm ),∈ R
n×m being a permutation matrix with �e j ∈ R

n×1 being the j-th unit
column vector.

By applying the Sherman–Morrison–Woodbury formula, one has

(T + GPT )−1 = T−1 − T−1G
(

Im + PT T−1G
)−1

PT T−1,

where Im ∈ R
m×m is the identity matrix. Thus, one only needs to solve two symmetric

Toeplitz systems

TU = G, (15)

T�v = �b, (16)

and a small (m × m) linear system
B �w = PT �v, (17)

where B = Im + PT U ∈ R
m×m , to obtain the solution of Eq. (14) as

�x = �v − U �w. (18)

Remark 5

1. The O(m3) Gaussian elimination method is used for solving the small linear system Eq.
(17). Since m � n, it incurs only a small increase in the computational cost in solving
Eq. (14).

2. Since, in this study, the Toeplitz matrix T and �b in Eq. (15) do not change in each
iteration, the solution �v can be first computed and stored for the later use to save additional
computational cost.

3.1 Levinson–Durbin Algorithm for Finding the Inverse of the Toeplitz Matrix

Asmentioned in the previous section, we need to find the inverse of Toeplitz matrix T−1 fast.
So instead of using the classical O(n3)Gaussian elimination method, one can take advantage
of the special structure of the Toeplitz matrix and compute its inverse recursively using the
O(n2) Levinson–Durbin algorithm which utilizes the Yule–Walker algorithm [23,39].

We shall consider the Toeplitz system of order n

Tn �x = �b, (19)

123



1024 J Sci Comput (2018) 75:1016–1039

and, without a loss of generality,

Tn =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 γ1 γ2 . . . γn−1

γ1 1 γ1
. . . γn−2

γ2 γ1 1
. . . γn−3

...
...

...
. . .

...

γn−1 γn−2 γn−3 . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (20)

3.1.1 Yule–Walker Algorithm

First, we shall first describe the Yule–Walker algorithm for solving the modified Toeplitz
system in the form of

Tk �x = −(γ1, . . . , γk−1, γk)
T , (21)

where γi ∈ R is the value of i-th off-diagonal of Tk (1 ≤ i ≤ k −1), and γk ∈ R is any given
real number. Due to the particular right-hand side of Eq. (21), the Yule–Walker algorithm
allows the solution of modified Toeplitz system Tk+1 to be derived recursively from the
solution of modified Toeplitz system Tk efficiently.

Let �yk be the solution of the modified Toeplitz system

Tk �yk = −�rk, �rk = (γ1, . . . , γk)
T , (22)

we shall derive a recursion formula for �yk+1 that is the solution of the modified Toeplitz
system

Tk+1 �yk+1 = −�rk+1, �rk+1 = (γ1, . . . , γk, γk+1)
T . (23)

If we write �yk+1 = (�zT
k , ak)

T and define Jk ∈ R
k×k as the backward identity (exchange)

matrix, the modified Toeplitz system Eq. (23) can be reformulated as
(

Tk Jk�rk

�r T
k Jk 1

)(�zk

ak

)
= −

( �rk

γk+1

)
.

Therefore, one has one linear system and one scalar equation

Tk�zk + akJk�rk = −�rk, (24)

�r T
k Jk�zk + ak = −γk+1. (25)

Since T−1
k Jk = JkT−1

k , from Eq. (24), one can find the vector solution �zk of �yk+1 as

�zk = T−1
k (−�rk − akJk�rk) = �yk + akJk �yk = (Ik + akJk)�yk . (26)

Furthermore, by expressing Eqs. (24) and (25) as

(
Ik Jk �yk
�0T 1

)T (
Tk Jk�rk

�r T
k Jk 1

) (
Ik Jk �yk
�0T 1

)
=

(
Tk �0
�0T δk

)
,

where Ik ∈ R
k×k is the identity matrix, one can define δk = 1 + �r T

k �yk . Since Tk+1 is
non-degenerate, this implies δk �= 0.

From Eq. (25), one can find the scalar solution ak of �yk+1 as

ak = −
(
γk+1 + �r T

k Jk �yk

)
/δk . (27)
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Moreover, one also has the recursion relationship between δk+1 and (ak, δk), as

δk+1 = 1 + �r T
k+1 �yk+1 = 1 +

(
�r T
k , γk+1

)(�yk + akJk �yk

ak

)
= (

1 − a2
k

)
δk . (28)

In summary, by giving the initial starting solution (�y1 = a1 = −γ1, δ1 = 1), the solution
�yk+1 = (�zT

k , ak)
T can be obtained via Eqs. (26) and (27) by recursion. Therefore, Eq. (21)

can be solved with O(n2) cost. The Yule–Walker algorithm is given in the Algorithm 2.

Algorithm 2 The Yule–Walker Algorithm.
procedure Yule- - Walker Algorithm (γ1, . . . , γn ) � Return �y

z1 := −γ1, a := −γ1, δ := 1
for k = 1, . . . , n − 1 do

δ := (1 − a2)δ � Eq. (28)
a := (γk+1 + ∑k

i=1 γk−i+1zi )/δ � Eq. (27)
ηi := zi + azk−i+1, i = 1, . . . , k � Eq. (26)
ηk+1 := a
zi := ηi , i = 1, . . . , k + 1

end for
�y = (z1, . . . , zn)T

end procedure

3.1.2 The Fast Inverse of a Toeplitz Matrix

Next, we shall consider a recursive algorithm in finding the inverse of Tk+1,

T−1
k+1 =

(
Tk Jk�rk

�r T
k Jk 1

)−1

=
(

Hk �ν
�νT σ

)
,

or (
Tk Jk�rk

�r T
k Jk 1

) (
Hk �ν
�νT σ

)
=

(
Ik �0
�0T 1

)
.

In this case, we obtain two matrix equations and a scalar equation, respectively,

TkHk + Jk�rk �νT = Ik, (29)

Tk �ν + σJk�rk = �0, (30)

�r T
k Tk �ν + σ = 1. (31)

From Eqs. (30) and (31), one can easily obtain

σ = 1/δk, �ν = σJk �yk, (32)

where �yk is the solution of modified Toeplitz system via the Yule–Walker algorithm.
From Eq. (29), we have

Hk = T−1
k − T−1

k Jk�rk �νT = T−1
k + �ν�νT /σ, (33)

where the last term is derived from T−1
k Jk�rk = −Jk �yk and Eq. (32).

Since T−1
k = [ti j ] is a persymmetric matrix, that is, ti j = tk+1− j,k+1−i , from Eq. (33),

the element of Hk is

hi j = ti j + νiν j/σ = hk+1− j,k+1−i + (νiν j − νk+1−iνk+1− j )/σ. (34)
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Using the persymmetric property of T−1
k+1, and Eq. (34), all the elements of T−1

k+1 can be
successively found by recursion. The O(n2) fast direct method for finding the inverse of a
Toeplitz matrix is given in the Algorithm 3.

Alternatively, one can write

T−1
k+1 =

(
T−1

k
�0

�0T 0

)
+ 1

δk

( �μ �μT �μ
�μT 1

)
, (35)

and, knowing T−1
k , it can be evaluated directly once δk and �μ = δk �ν are found.

Algorithm 3 Fast inverse of a Toeplitz matrix.

procedure Fast Inverse Algorithm (γ1, . . . , γn ) � Return T−1

Apply Algorithm 2 to obtain the solution �y = (η1, . . . , ηn−1)
T of the Yule–Walker system

Tn−1 �y = −(γ1, . . . , γn−1)
T

σ := 1/(1 + ∑n−1
l=1 γlηl )

νi := σηn−i , i = 1, . . . , n − 1

h11 := σ

h1 j := νn− j+1, j = 2, . . . , n,

for i = 2, . . . , � n−1
2 � + 1 do

for j = i, i + 1, . . . , n − i + 1 do
hi j := hi−1, j−1 + (νn− j+1νn−i+1 − νi−1ν j−1)/σ � Eq. (34)

end for
end for

T−1 = {hi j }
end procedure

Remark 6

1. The subscript k denotes not only the iteration step number but also the dimension of the
matrix.

2. Only the first quarter of the Hk is needed to be computed as the T−1 is a persymmetric
matrix.

3. When T is symmetric and positive-definite, the error caused by Algorithm 3 is similar to
that caused by the Cholesky decomposition. However, the interpolation matrix M in the
IAMQ-RBF method is ill-conditioning for a large n. One possibility is that one of δk in
Eq. (28) may be close to zero so that the error of ak in Eq. (27) and σ in Eq. (33) may
become very large. To remedy this issue, we suggest rescaling domain interval method
as introduced in the previous section to improve this ill-condition.

3.2 IAMQ-RBF-Fast Based Edges Detection Method

In this section, we describe the proposed IAMQ-RBF-Fast based edges detection method
that employs the fast direct solver for the Toeplitz-ε system. Its applications include, but not
limited to, fast image edges detection and potential use in the shocks detection algorithm
for detecting the shocks/high gradients/discontinuities which often appear in the solution
of nonlinear system of hyperbolic conservation laws. The IAMQ-RBF-Fast based edges
detection method is given in Algorithm 4.
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Algorithm 4 The IAMQ-RBF-Fast method.

procedure IAMQ- RBF- Fast Algorithm (�x, �f , M, M−1, D, n, ε, η, δ) � Return Flag, C

εi := ε, �λ0i := Wi j := Flagi := Id0i := Id1i := 0, i, j = 1, . . . , n

�v := M−1 �f � Eq. (16)
for k = 1, . . . , n do

Compute the normalized concentration map C � Eq. (9)

for i = 1, . . . , n do
if Ci < η, cycle
εi := 0, Idk

i := 1

if Idk−1
i = 0, W:,i := M−1(|�x − xi | − M:,i ) � Eqs. (13) and (15)

end for

Update U from W for those Idk
i = 1

�w := (Im + PT U)−1(PT �v) by Gaussian elimination, m := ∑n
i=1 Id

k
i

�λk := �v − U �w � Eq. (18)
if ||�λk − �λk−1||2 < δ, exit

Update D for those Idk
i = 1 and Idk−1

i = 0
�λk+1 := �λk , Idk+1 := Idk

end for

Set Flagi := 1 for those εi = 0
end procedure

Remark 7

1. The domain is rescaled and the new centers �x are obtained first. The interpolation matrix
M, its inverse M−1, and the differentiation matrix D are pre-computed and stored before
starting the IAMQ-RBF-Fast method.

2. The Toeplitz system M�v = �f is solved once before performing the iterations and the
solution �v is stored for later use in computing �λk with Eq. (18) at the k-th iteration step.

3. The Idk is the indicator at each centers at the k-th iteration step and the matrix W saves
the solution of Eq. (15). By knowing the indices of the centers where the corresponding
shape parameters have been updated with zero, one can reduce the operation counts by
updating only those solutionU and the differentiationmatrixDwhere the vectorIdk = 1
is updated from the previous iteration steps.

4. The method will find at least one edge at each iteration step and the iteration terminates
if Idk ≡ Idk−1 at k-th iteration step which means �λk is equal to �λk−1. Hence, the total
number of iteration steps is less than or equal to the number of centers, that is, k ≤ n.

5. The method will return the edge function Flag which indicates the possible edge
at the center xi if Flagi = 1. If the function f (x) satisfies the condition that,
|max f (x) − min f (x)| < 10−12, the algorithm will return with Flagi = 0 and termi-
nate immediately.
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Fig. 3 Final detected edges of
the piecewise linear function by
the IAMQ-RBF method,
IAMQ-RBF-Fast method, MR
analysis and L1PA method with
the number of grid points n = 51
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4 Numerical Results

In this section, we consider the uniform grid xi = a + (i − 1)
x, i = 1, . . . , n, with

x = (b − a)/(n − 1) in the domain [a, b] and compare the performance of the proposed
methodwith other edges detectionmethods, such as the original IAMQ-RBFmethod, theMR
analysis and the L1PA method, in several 1D and 2D benchmark examples. For readability,
all the relevant parameters of each method used in each example are given in Appendix B.

4.1 1D RBF Edges Detection

We first consider a piecewise linear function with multiple jumps of different strengths and
the detected edges as shown in Fig. 3. The same accurate edges are captured by the original
IAMQ-RBF and IAMQ-RBF-Fast methods, collectively as the RBFmethods.We note that to
capture an edge, both methods only need two grid points surrounding the edge; however, the
MR analysis needs at least four grid points. In this sense, both RBF methods are better than
the MR analysis and just as good as the L1PA method. On the other hand, the MR analysis
is usually faster than other methods. Since both RBF methods with the identical setup of
parameters capture the same edges, the results detected by the original IAMQ-RBF method
are omitted in the examples unless stated otherwise.

In Fig. 4, the results of the edges detection and the normalized concentration maps C for
the first four iterations of the IAMQ-RBF-Fast method are shown. At the first iteration, the
strongest jump at x = 0.8 is captured accurately. At the second iteration, the next strongest
jumps at x = −0.3 and x = 0 are then accurately identified. The last two weakest jumps at
x = 0.6 and x = −0.7 are then identified respectively at the third and fourth iteration steps.

By looping over the same experiment 1000 times, the total CPU timings are 0.28 and
0.09 s for the IAMQ-RBF method and IAMQ-RBF-Fast method respectively. The IAMQ-
RBF-Fast method achieves a three times speedup against the IAMQ-RBF method in this
case.
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Fig. 4 The edges of the piecewise linear function detected by the IAMQ-RBF-Fast method at each iteration.
Bottom: the normalized concentration map C at each iteration

Fig. 5 Final edges of the rectangular. Left: the original image. Middle: the edges detected at all iteration
steps. Right: the edges detected at the last iteration step

4.2 2D RBF Based Edges Detection

In this section, we first show the comparative results between the global approach and the
dimension-by-dimension approach in a two dimensional problem consisting of a piecewise
linear function. Then, the edges of several two dimensional benchmark problems in image
processing with and without additional noise pollution are conducted to assess the perfor-
mance of the RBF based, MR based and L1PA based edges detection methods.

4.2.1 The 2D Global Approach

The final detected edges are the detected edges at the last iteration step in the 2D global edge
detectionmethod. Figure 5 shows the detected edges at all iteration steps and the last iteration
step respectively for the rectangular b defined by

bi j =
{
1 if max{|xi j |, |yi j |} < 0.5,
0 Otherwise,

(36)

with (x, y) = [−1, 1] × [−1, 1], n = 51, i, j = 1, 2, . . . , n.
In Fig. 5, we observe that the 2D global approach captures some expanded edges collected

at all iteration steps. However, the detected edges at the last iteration are very close to the
real edges which agrees with the similar conclusion reached in [27].

Remark 8 The 2D global interpolation matrix M is not a Toeplitz matrix but a block Toeplitz
matrix, so the IAMQ-RBF-Fast method is not applicable. Therefore, we apply the IAMQ-
RBF method to detect the edges by the concentration map C = |�λ| with ε = 0.1, η = 0.5.
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Fig. 6 Final edge map of the rectangular. Left: x-direction edges. Middle: y-direction edges. Right: the union
of edges

Fig. 7 Final edges of the Shepp–Logan image with the size of 256× 256. Left: the original image. Right: the
edges detected by the IAMQ-RBF-Fast method with ε = 0.1, η = 0.01

4.2.2 The 2D Dimension-by-Dimension Approach

In the 2D dimension-by-dimension approach, the same problem above is repeated here but
the edges are detected in x- and y-direction separately. The final edges are the union of these
both set of edges. The corresponding detected edges in the x- and y-directions and the final
results are shown in Fig. 6 respectively, which are clearer and sharper than those in Fig. 5.

The comparative CPU timing and speedup show that the present approach is about 2000
times faster than the global approach under the set up in this study. It allows us to consider
solving more challenging problems in the practical applications.

The Shepp–Logan phantom image is a benchmark problem which consists of one large
ellipse (representing the skull) containing several smaller ellipses (representing small features
in the skull). It is generated by using the MATLAB command

P = phantom(‘Modified Shepp-Logan’, n),

where the output parameter P is a grayscale intensity image with the size of n ×n (256×256
in this study). Figure 7 shows that the IAMQ-RBF-Fast method captures the large and fine
structures accurately and speedy.

The final detected edges of a sunflower and three other classical photos1 are shown in
Fig. 8 respectively. One can easily see that the IAMQ-RBF-Fast method works very well
in detecting edges with both large and small jumps even when some photos contain noise
and very fine scale structures. When comparing with the other edges detection methods, as
shown in Fig. 9, our preliminary results show that the IAMQ-RBF-Fast method is better than
the MR analysis and L1PA method in identifying the locations of edges with a fewer grid
points. Table 1 demonstrates that the IAMQ-RBF-Fast method is an efficient technique in
identifying edges comparing with the original IAMQ-RBF method. A significant speedup
can be obtained by using the Fast algorithm in solving the Toeplitz-ε system.

1 Available for download from USC Signal and Image Processing Institute Data base [40].

123



J Sci Comput (2018) 75:1016–1039 1031

Fig. 8 Final edges of images with the size of 256×256. Top: the original images. Bottom: the detected edges
by the IAMQ-RBF-Fast method, MR analysis and L1PA method respectively

Table 1 The CPU timings (in
seconds)

Test images IAMQ-RBF IAMQ-RBF-Fast Speedup

Sunflower 2.44 0.44 5.5

Clock 2.44 0.69 3.6

Airplane 2.32 0.28 8.1

Resolution 2.26 0.56 4.0

Shepp–Logan 2.03 0.25 7.9

4.3 Noisy Image Edges Detection

Finally, we consider the performance of the IAMQ-RBF-Fast method when a piecewise
analytical functionwas contaminatedwith noisewith various strength. A piecewise analytical
function f (x, y) defined on [−1, 1]2 is given by
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Fig. 9 Final edges at the slice y = 170 of (left) Shepp–Logan image and (right) airplane image

f (x, y) =
{
sin

(
π
2

√
x2 + y2

)
, if 0 < x, y < 3

4 ,

h(x, y), otherwise,

where

h(x, y) =
⎧
⎨
⎩
cos

(
3π
2

√
x2 + y2

)
, if

√
x2 + y2 ≤ 1

2 ,

cos
(

π
2

√
x2 + y2

)
, if

√
x2 + y2 > 1

2 .

The noisy image is generated by f̂ (x, y) = f (x, y) + n(x, y), with n(x, y) = ωN (0, 1)
where N (0, 1) are the 2D standard normally distributed random numbers. Here ω is used
to control the amplitude of noise. We show the noisy images and the final edges with
ω = 0.02, 0.04, 0.05, 0.1 in Fig. 10. It is clearly observed that the IAMQ-RBF-Fast method
captures the edges accurately and effectively even when the piecewise analytical function is
contaminated with relatively large and small noise, while the MR analysis misses the edges
at the right and bottom of the square with an increasing noise strength ω. The L1PA method
works well for fairly noisy image (ω = 0.1) because it contains the process of image denois-
ing.We note that adding large noisemakes it relativelymore difficult for the RBF based edges
detection algorithm to detect the true edges in this example. Hence the image denoising is
recommended before applying the RBF based edges detection algorithm to an images with
strong noise.

Remark 9 In this case, the iterative process of the IAMQ-RBF-Fast method terminates when
the maximum of unnormalized concentration map satisfies maxi Ĉi < η.

4.4 Mach 3 Shock–Density Wave Interaction

Besides the edges detection of an image, the proposed fast method is also an important tool
that can be used in the detection of sharp gradients and shocks that appear in the solution
of nonlinear system of hyperbolic conservation laws, where a finite time singularity or dis-
continuity in one or all of the variables can be formed even with a smooth initial condition.
One of the well-known systems of hyperbolic PDE in gas dynamics is the Euler equations
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Fig. 10 Final edges of noisy images with different ω. Top: the noisy images. Bottom: the edges detected by
the IAMQ-RBF-Fast method, MR analysis and L1PA method respectively

which models the conservation of mass, momentum and total energy of a system subjected
to the boundary conditions and initial conditions. To solve such system with discontinuous
solution with a hybrid finite difference scheme, we conjugate a linear solver for a sufficiently
smooth region and a conservative nonlinear solver for a non-smooth region in the solution.
For example, the hybrid compact-WENO scheme [9,14,35,36,38,47] employs the high order
linear compact finite difference scheme for resolving the fine scale structures while the high
order conservative nonlinear weighted essentially non-oscillatory (WENO-Z) finite differ-
ence scheme [2,7] for capturing a sharp gradient or shock essentially non-oscillatory in order
to reduce/mitigate the well-known Gibbs phenomenon that would pollute the solution with
numerical oscillations and might even render the method unstable. The basic steps of the
hybrid scheme is given in the algorithm as follow:

Algorithm: (Hybrid Compact-WENO finite difference scheme)

1. Perform the smoothness analysis of the solution (typically, density ρ) via a shock-
detection algorithm once at the beginning of the Runge–Kutta scheme.
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2. Set a flag at a grid point xi as

Flag =
{
1, (Non-smooth stencil),
0, (Smooth stencil),

as determined by the IAMQ-RBF-Fast shocks detection method.
3. Create a buffer zone around each non-smooth grid point xi such that all the grid points

inside the buffer zone are flagged as the non-smooth stencils.
If, for example, a grid point xi is flagged as a non-smooth stencil, then its neighboring
grid points {xi−m, . . . , xi , . . . , xi+m} will also be designated as the non-smooth stencils.
(Typically, m = r for the (2r − 1)-th order WENO-Z scheme).

4. Compute the derivative of the fluxes at each cell center by

• (Non-smooth WENO stencils): the WENO-Z scheme.
• (Smooth compact stencils): the compact scheme.

The numerical fluxes on the non-smooth stencils obtained by the WENO-Z scheme
are saved and automatically used as the internal boundary fluxes needed by the
compact scheme. The numerical fluxes near the domain boundary are also computed
by the WENO-Z scheme.

5. Stabilize the Hybrid scheme.
An sixth order finite difference filtering [41] is applied in the smooth stencils to stabilize
the hybrid Compact-WENO scheme.

In order to identify the smooth regions from the non-smooth regions, an accurate and efficient
high order shocks detectionmethod is one of critical components in the hybrid scheme.Many
shocks detectionmethods, such as, the TVB algorithm [12], themulti-resolution analysis [10,
11,18,20], the KXRCF [31], the conjugate Fourier analysis [14], the polynomial annihilation
algorithm [1], that employed in the solver of the hyperbolic PDEs have existed.

One of the issues of employing the IAMQ-RBF method in the hybrid scheme is that,
without the fast method presented here, the cost of locating the non-smooth grid points at
each time step is more than the cost of PDE solver itself making the IAMQ-RBF method
impractical to be used in the hybrid scheme. With the IAMQ-RBF-Fast method, we can
easily achieve the similar speedup and high quality solution as one would obtain using
other shocks detection method. Here, we shall present a preliminary solution of the classic
example, namely, the extended 1D Mach 3 shock–density wave interaction that contains
multiple discontinuities (the Mach 3 main shock and the series of developing shocklets) and
a region containing fine scale smooth solution, to demonstrate the performance of the hybrid
scheme that employs the IAMQ-RBF-Fast based shocks detection method.

We shall consider the 1D Euler equations for gas dynamics in a strong conservation form:

Qt + Fx = 0, (37)

where the conservative variables Q, the fluxes F in the x directions, respectively, are

Q = (ρ, ρu, E)T , F = (ρu, ρu2 + P, (E + P)u)T ,

and the equation of state (EOS) is

P = (γ − 1)

(
E − 1

2
ρu2

)
, γ = 1.4.
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Fig. 11 The density (Rho) and discontinuous locations (Flag) of the Mach 3 shock–density wave interaction
problem with n = 800 at times (left) t = 2.5 and (right) t = 5

Table 2 The CPU timings (in
second) and speedup factors (SF)
of the hybrid scheme for the
extended Mach 3 shock–density
wave interaction problem

N WENO-Z5 Hybrid-MR Hybrid-RBF

Time Time SF Time SF

800 2.2 1.7 1.3 1.3 1.8

1600 8.7 3.4 2.5 3.7 2.4

2400 19.2 5.8 3.3 7.8 2.5

The ρ, u, P , and E are the density, velocity in x direction, pressure and total energy respec-
tively. The initial condition is given as

(ρ, u, P) =
{(

27
7 , 4

√
35
9 , 31

3

)
, −5 ≤ x < x0,

(1 + ε sin(kx), 0, 1) , x0 ≤ x ≤ 15,

where ε = 0.2, x0 = −4 and k = 5.
The discontinuities of density detected by the IAMQ-RBF-Fast based shocks detection

methodwith ε = 0.07, η = 0.4 at times t = 0.25 and t = 5 are shown in Fig. 11 respectively.
The discontinuities such as the developing shocklets and the main shock are accurately
identified at their respective locations. On the other hand, the complex smooth high frequency
entropywavebehind themain shock is notmistaken as the non-smooth solution due to the high
resolution nature of the solution and the improved RBF based shocks detection algorithm.
We would like to emphasize that no postprocessing procedure is applied on the solution
at any given time step. In Table 2, the CPU timing results indicated that a speedup factor
of about two can be achieved by the hybrid scheme over the standard WENO-Z5 scheme
[2,7] using IAMQ-RBF-Fast based shocks detection method and quite competitive with the
MR based shocks detection algorithm. This preliminary result shows that the accurate and
efficient IAMQ-RBF-Fast based shocks detectionmethod can be successfully applied to high
order/resolution hybrid method, which will be explored further in depth in our next phase of
research in this direction.
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5 Conclusion and Future Work

An iterative adaptive multi-quadric Radial basis function (IAMQ-RBF) method is success-
fully designed in the edges detection of the 1D and 2D piecewise analytical functions.
However, a key drawback is a heavy computational cost in finding the inverse of the perturbed
Toeplitz matrix formed when setting the shape parameters to be zero at the corresponding
locations where the edges are found during the iterative procedure. In this work, we devel-
oped a fast direct solver (IAMQ-RBF-Fast) for solving the perturbed Toeplitz system via the
Sherman–Morrison–Woodbury formula that forms two Toeplitz systems and a small linear
system. The O(n2)Levinson–Durbin algorithm that utilizing the Yule–Walker algorithmwas
employed to find the inverse of the Toeplitz matrix fast. The improved method was applied
in several benchmark images processing examples and the edges are detected accurately. As
far as computational efficiency concern, our tests showed that the IAMQ-RBF-Fast based
edges detection method can be at least three times faster than the original IAMQ-RBF based
one. And the IAMQ-RBF-Fast method is in general better in capturing the edges with fewer
grid points than the MR analysis and just as good as if not better than the L1PAmethod. As a
future work, we have begun to implement an IAMQ-RBF based fast edges detection method
for non-uniform mesh and the study will be presented in the upcoming paper.

A preliminary result on applying the IAMQ-RBF-Fast based shocks detection algorithm
for accurate and efficient identification of the locations of temporally and spatially evolving
shocks and sharp gradients in the hybrid compact-WENO finite difference scheme on a
uniformly spaced mesh demonstrates the good performance of the IAMQ-RBF-Fast based
shocks detection method for solving nonlinear system of hyperbolic conservation laws. As a
future work, we are investigating several promising approaches to increase the robustness of
the IAMQ-RBF-Fast based edges detection method that does not require specifying the user
defined parameter η.
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Appendix A: Brief Description of the L1PA Method

The L1PAmethod is used to determine edges from regularized reconstruction using the vari-
ance signature. Given the (noisy) Fourier coefficients of a piecewise smooth function from
the set T̂q = F̂ ∪ R̂q , where F̂ = { f̂k : − βN ≤ k ≤ βN } with 0 ≤ β ≤ 1, and R̂q is
ζ(γ − β)(2N + 1) randomly selected coefficients from f̂k, |k| > βN , q = 1, . . . , Q. Here,
we set β = 0.3, γ = 0.95, ζ = 0.5, Q = 30 for each test.

For each subsampled set T̂q , we reconstruct f on a set of uniform grid points x j , j =
−N , . . . , N as

�fq = argmin�u
∣∣∣
∣∣∣Fq �u − �̂f q

∣∣∣
∣∣∣
2

2
+ λ||Pp �u||1,
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which can be solved efficiently by the split Bregman algorithm [17]. Here �̂f q is vector

of Fourier coefficients formed from the subsampled set T̂q , and Fq is the discrete Fourier

transform generating the coefficients to match �̂f q . The polynomial annihilation transform
Pp , is used as a sparsifying operator in the penalty term. Here we choose p = 2. The variance
is calculated as

�v(Q) j = 1

Q

Q∑
q=1

⎛
⎝ �fq j − 1

Q

Q∑
q=1

�fq j

⎞
⎠

2

, j = 1, . . . , 2N + 1.

Each element in �v(Q) differs in convergence properties only within each jump region, that is,
the convergence is similar in smooth regions. Using this variance signature, edges detection
algorithm is developed for piecewise smooth functions (For details, see [1,13] and references
therein).

Appendix B: List of Parameters

Here, we list what we considered to be optimized settings of parameters that are used in the
IAMQ-RBF-Fast method, MR analysis and L1PA method in Table 3 for 1D problems, Table
4 for 2D images and Table 5 for noisy image.

Table 3 The corresponding parameters for the IAMQ-RBF-Fast method, MR analysis and L1PA method for
piecewise linear function and 1D Euler equations

Piecewise linear function 1D Euler equations

IAMQ-RBF-Fast η 0.5 0.4

MR εM R 0.1 (2nd order) 5.0E−3 (6th order)

L1PA λ 0.1 0.01

μ 0.3 0.5

δ 2 3

d 5 5

c 0.75 0.75

Table 4 The corresponding parameters for the IAMQ-RBF-Fast method, MR analysis and L1PA method for
2D images

Sunflower Clock Airplane Resolution Shepp–Logan

IAMQ-RBF-Fast η 0.4 0.05 0.05 0.1 0.01

MR εM R 0.04 0.02 0.02 22 5.0E−5

L1PA λ 0.01 0.01 0.01 0.01 0.01

μ 0.5 0.1 0.1 0.3 0.3

δ 3 5 4 2 2

d 5 5 5 5 5

c 0.8 0.8 0.92 0.8 0.9
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Table 5 The corresponding parameters for noisy images with different ω

ω = 0.02 ω = 0.04 ω = 0.05 ω = 0.1

IAMQ-RBF-Fast η 0.1 0.1 0.1 0.25

MR εM R 0.08 0.12 0.16 0.28

L1PA λ 0.1 0.1 0.1 0.1

μ 0.3 0.3 0.3 0.1

δ 2 4 4 4

d 10 10 10 10

c 0.95 0.97 0.97 0.95
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